Phase transitions in two-dimensional model colloids in a one-dimensional
  external potential by Bürzle, Florian & Nielaba, Peter
ar
X
iv
:0
70
8.
42
03
v2
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
3 N
ov
 20
07
Phase transitions in two-dimensional model olloids in a
one-dimensional external potential
Florian Bürzle and Peter Nielaba
Department of Physis, University of Konstanz, 78457 Konstanz, Germany
(Dated: Otober 28, 2018)
Abstrat
Two-dimensional melting transitions for model olloids in presene of a one-dimensional external
periodi potential are investigated using Monte Carlo simulation and nite size saling tehniques.
Here we explore a hard disk system with ommensurability ratio p =
√
3as/(2d) = 2, where as is
the mean distane between the disks and d the period of the external potential. Three phases, the
modulate liquid, the loked smeti and the loked oating solid are observed, in agreement with
other experimental and analytial studies. Various statistial quantities like order parameters, their
umulants and response funtions, are used to obtain a phase diagram for the transitions between
these three phases.
PACS numbers: 64.60.-i, 82.70.Dd, 05.10.Ln
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Phase transitions in systems with redued dimensionality have been of interest at least
sine the days of Landau [1℄ and Peierls [2, 3℄ on whose ideas the work of Kosterlitz, Thouless,
Halperin, Nelson, and Young (KTHNY) [4, 5, 6, 7, 8℄ is based to a large extent.
Sine the formulation of their suessful KTHNY theory, two-dimensional (2D) systems
with periodi substates reeived more and more attention. In their groundbreaking work,
Chowdhury, Akerson, and Clark [9℄, rst investigated a 2D olloidal system under the
inuene of a one-dimensional (1D) periodi potential. This was ahieved by interferene
of two laser beams, yielding a 1D interferene pattern. At a strong enough light intensity,
rystallization of the olloidal suspension was observed, provided that the periodiity d of
the periodi potential was hosen to be ommensurate to the mean partile distane as.
For this phenomenon, Chowdhury et al. oined the name laser indued freezing (LIF).
LIF is, qualitatively, due to the suppression of thermal utuations transverse to the 1D
periodi potential. Surprisingly, a remelting of the rystal at even higher light intensities
was also observed in systems with short-range interations between the olloids [10, 11, 12℄.
Consequentially, this reentrane senario was named laser indued melting (LIM). This was
explained as generi, aused by suppression of phonon utuations transverse to the potential
troughs, leading to a deoupling of neighboring rows [10℄. An analytial justiation for this
explanation was subsequently given in [13℄.
It should be emphasized that it was also possible to onrm this senario by simulation,
although some earlier simulations were inonlusive with respet to the reentrane phe-
nomenon (for a more extensive disussion see [13, 14℄). In partiular, Chakrabarti et al. [15℄
reognized LIM even before its experimental disovery. Other Monte Carlo studies also veri-
ed the reentrane behavior by onsidering hard and soft disks, as well as Lennard-Jones-like
interation potentials [14, 16, 17, 18℄. Also numerial renormalization group studies on this
subjet have been suessfully performed [19, 20, 21℄.
It turned out, however, that theoretial attempts based on Landau expansion and related
mean eld tehniques failed to provide an explanation for the omplete phenomenology (see
[13℄ for a short review). The latter is believed to be due to the inorret treatment of
utuations in suh theories while it is known that, unlike in three dimensions, utuations
play a vital role in low dimensional systems and therefore annot be negleted.
This unomfortable situation did not hange until Radzihovsky, Frey, and Nelson [13, 22℄
published their theory whih is based on an elasti model of the triangular lattie. Within
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this framework, all phase transitions onsidered so far an be explained by disloation un-
binding. As a further key result, the authors predited also the existene of new unobserved
phases. Aording to their analysis, the appearane of new phases and hene the omplex-
ity of the phase diagram depends, with given rystal orientation, only on the value of an
integral quantity p whih they alled ommensurability ratio. The latter is a generalization
of the onept of ommensurability and is formally dened by p =
√
3as/(2d), using the
notation onvention from [14℄. For p = 1 this oinides with the previous meaning of om-
mensurability. In this ase, the theory predits two distint phases - the modulated liquid
(ML), whih mimis the geometry of the periodi potential, and the rystalline phase, whih
Radzihovsky et al. named loked oating solid (LFS). This name reets the dual har-
ater of this phase, sine the olloids are unpinned along the potential minima, but pinned
perpendiular to the minima. The appearane of those two phases and also the predited
shape of the melting urve are in good agreement with observations from most experiments
and simulations disussed so far.
The next diult ase is p = 2, of whih we will present a Monte Carlo analysis in this
work. For this ase, Radzihovsky et al. predited an additional phase, the loked smeti
(LSm). This phase is haraterized by a spontaneous symmetry breaking of the disrete
translational symmetry present in the modulated liquid, with equal oupany of eah po-
tential minima, while in the LSm only every pth minima is equivalently populated. The LSm
exhibits, in ontrast to the LSF, only short-range orrelations between olloidal positions in
adjaent troughs and therefore does not resist shear deformations for displaements along
the potential minima.
Aording to [13℄, both the transition from LFS to LSm and from LSm to ML should
exhibit a reentrane behavior. Additionally, our investigation was stimulated by the work
of Baumgartl et al. [23℄ who reently observed the LSm phase at p = 2 experimentally.
For our analysis, we onsider a system of hard disks with diameter σ. They interat via
a pair potential dened by
Φ(rij) =


∞, rij ≤ σ
0, rij > σ
(1)
where rij is the distane between partiles i and j. These partiles are onned to a two-
dimensional box with dimensions Lx × Ly, with Lx/Ly =
√
3/2. This system is subjeted
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FIG. 1: Two-dimensional pair orrelation funtions. In (a) an almost unperturbed liquid (V ∗
0
=
0.01, ρ∗ = 0.88) is shown. At the potential strength V ∗
0
= 5 the other images show the (b) modulated
liquid (ρ∗ = 0.83), () loked smeti (ρ∗ = 0.86), and (d) loked oating solid (ρ∗ = 0.90).
to an external potential
V (x, y) = V0 sin
(
2
2π
d0
x
)
(2)
whih is periodi in the x-diretion and onstant in the y-diretion (note that in [13℄ the
periodiity is hosen to be in the y-diretion). The onstant d0 in eq. (2) is dened as
d0 = as
√
3/2 to meet the requirements from ommensurability. Our system is ompletely
haraterized by two quantities, namely by the redued density ̺∗ = ̺σ2 and the redued
potential strength V ∗
0
= V0/(kBT ), where kB is the Boltzmann onstant and T the temper-
ature. For simpliation, σ was set to unity in our simulation.
In this work we use standard Monte Carlo tehniques [24℄. In partiular, the Metropolis
algorithm [25℄ is applied to the anonial (NVT ) ensemble. Further we use the tehnique of
blok analysis, where we divide our system in several smaller subsystems and alulate the
quantities of interest therein. This method allows us to ompute many dierent system sizes
within one simulation run. In this paper, we distinguish these subsystems by attahing an
index L on the appropriate quantities. The value of L is alulated via Sx/d with Sx being
the side length in the x-diretion of a subbox.
4
All simulations onsidered here have been arried out with N = 1024 partiles, in order
to ompare the results with [14℄. We exeuted our alulations by setting up an ordered
rystal and reduing ̺∗ at xed V ∗
0
. For equilibration, espeially at high potential strengths,
one must ensure that the system under onsideration annot be trapped in loal free energy
minima. In experiments, this problem an be solved by swithing the laser o and on while
in simulation this is of ourse not possible. To overome this issue, we use nonloal trough
moves, already introdued in [14℄, in addition to the ordinary Monte Carlo moves. In
these trough moves, that are used in every simulation run, it is attempted to plae partiles
in other potential troughs. It was possible to show [14℄, that suh moves are required to
reah equilibrium, sine at large V ∗
0
the formation of disloations is artiially hindered by
onsidering only loal moves, beause the partiles annot bypass eah other.
Our simulations were arried out mainly on ontemporary personal omputers with 4×107
to 10×107 Monte Carlo steps (MCS) from whih 2×107 to 4×107 were used for relaxation,
depending on statistial ineieny. Typial simulation times ranged from about 50 to 120
CPU hours.
In order to distinguish all appearing phases in our simulation by visual inspetion, we
omputed two-dimensional pair orrelation funtions. For systems with densities below rys-
tallization and without external potential, the graphs of these funtions should exhibit the
typial onentri irles of an unperturbed liquid. With an external potential, one expets
to see lines along the potential minima haraterizing the modulated liquid. However, in
the rystalline (LFS) ase, the typial struture of the triangular lattie should rop up. In
the LSm phase, ompared to the modulated liquid, every seond line must vanish due to
breaking of translational symmetry.
A survey of suh 2D orrelation funtions at dierent V ∗
0
and ̺∗ already revealed some
interesting properties of the phases. For potential strengths V ∗
0
≪ 1, we found for densities
below spontaneous solidiation no signiant disturbane by the external potential and
hene no smeti phase, as one would expet for almost unperturbed liquids [see Fig. 1(a)
as typial example℄. At intermediate potential strengths with V ∗
0
& 1, we found a ompletely
dierent behavior in the liquid regime. To exemplify this, we onsider a potential strength
V ∗
0
= 5 at various densities ̺∗. At ̺∗ = 0.83 we reognize a modulated liquid where every
potential minima, on the average, is oupied with partiles [Fig. 1(b)℄. For a slightly higher
density at ̺∗ = 0.86 we nd indeed the predited LSm phase, where only every seond lane
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is oupied [Fig. 1()℄. Finally, at ̺∗ = 0.90 the struture of the triangular lattie an be
observed, indiating the presene of the rystalline LFS phase [Fig. 1(d)℄. We would like to
mention, that these graphs are qualitatively in good agreement with Baumgartl et al. [23℄
who obtained similar results for the appropriate phases. For larger potential strengths, it is
reognized that the density range in whih the LSm phase appears beomes both narrower
and shifted to larger densities. We interpret this observation as a strong evidene for a
remelting transition in this regime.
Sine the irumstanes in the LFS phase are very similar to the appropriate phase in
the ase p = 1, we onentrate now on the phase transitions between ML and the new LSm
phase. These freezing and remelting proesses an qualitatively be desribed as follows.
At low potential strength (V ∗
0
≪ 1) the ML is quite disordered, i. e. the partiles are
randomly distributed between the potential minima. The inrease of the potential strength
(V ∗
0
& 1) then leads to a redution of utuations perpendiular to the potential troughs.
Subsequently the partiles oupy every seond potential minima and form a quasi-long-
range orientational order along the troughs. This is in ontrast to the LFS, where also
a quasi-long-range positional order exists; but it must be noted that still some partiles
or even partile groups may overome the potential barrier and oupy free positions in
adjaent troughs. This prevents omplete deorrelation of neighboring partile rows; but
at even higher potential strengths (V ∗
0
≫ 1) the utuations perpendiular to the troughs
are further redued. Consequentially, partiles an oupy adjaent rows without geometri
restritions due to partiles from other rows. From this it an be onluded, that the entropy
of the system in the ML phase would be higher than in the LSm phase. Sine interation
energies are for large potential strengths approximately the same in both phases, the free
energy in the ML phase beomes lowered and so a transition from LSm to ML is possible.
For numerial alulation of the phase transitions points, we introdue two dierent order
parameters. Both are Fourier transforms of the partile densities in diretion of reiproal
lattie vetors. We onsider only the set of the six smallest reiproal lattie vetors of the 2D
triangular lattie. To detet the loked oating solid phase, the vetor G1 = 2π/d0(1/2ex +√
3/2ey), enlosing an angle of π/3 with the wave vetor K = 4π/d0ex of the external
potential, is used. With G1 the denition of the appropriate order parameter ψG1 reads
ψG1 =
∣∣∣∣∣
N∑
k=1
exp(−iG1rk)
∣∣∣∣∣ , (3)
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where rk is the position of partile k. Note that this denition was rst introdued in
[14℄ for the treatment of the ase p = 1. For the transition to LSm, we hoose the vetor
G0 = 2π/d0ex whih is parallel to K and has half of its magnitude. The orresponding order
parameter ψG0 is then dened analogous to ψG1 .
From these order parameters, the phase transition points have been alulated with the
umulant intersetion method [26, 27℄. The fourth order umulant UL is dened via
UL (̺
∗, V ∗
0
) = 1−
〈
ψ4
Gi
〉
L
3
〈
ψ2
Gi
〉2
L
(4)
where the index i has either the value 0 or 1, depending on the appropriate order parameter.
Sine in ontinuous phase transitions the orrelation length ξ diverges, the umulant UL =
UL(Las/ξ) beomes independent of the system size. From this it follows that umulants for
dierent system sizes interset at the transition point. Note that there is also an intersetion
point in rst order phase transitions [28℄ whih makes it unneessary for us to judge whether
the transitions observed are of rst order or ontinuous.
It must be noted that, at high V ∗
0
, the umulants to both order parameters do not
show a true intersetion point any more. Instead, there is a uniation point, after whih
all umulants ollapse onto a single urve. This behavior is known to be typial to the
anisotropi XY -model [29℄, whih was also observed in the study by Strepp et al. [14℄. In
those ases, at this uniation point the phase transition was assumed to take plae.
Additionally, to supplement our umulant analysis, we onsider the response funtions
kBTχGi = L
2
[〈
ψ2
Gi
〉
L
− 〈ψGi〉2L
]
, (5)
also dened as in [14℄. These suseptibilities are known to inrease with inreasing L,
yielding a maximum in the density range where the phase transition ours. Those maxima
are shifted to lower densities ompared to the umulant intersetion points, due to nite size
eets [14℄. Nevertheless, the form of the melting urve should be in agreement with those
obtained with the umulant intersetion method. In our alulations we observe that this is
indeed the ase. For the sake of larity, sine a omparison with the ongurations and 2D
pair orrelation funtions shows that the results obtained by umulant intersetion points
are more aurate, the suseptibility maxima have been omitted from the phase diagram.
The phase diagram shown in Fig. 2 was obtained by using the data from the umulant
intersetion points. As the most important result, we see that the melting urves for both
7
 0.84
 0.85
 0.86
 0.87
 0.88
 0.89
 0.9
 0.91
 0.92
 0.01  0.1  1  10  100  1000  10000
ρ*
V0
*
intersection points of UL,G1intersection points of UL,G0
LFS
LSm
MLML
FIG. 2: Phase diagram in the ρ∗/V ∗
0
plane. Transitions points have been obtained by onsidering
umulant intersetion points. Open irles: order parameter ψG1 , and losed irles: ψG0 .
order parameters show a distint remelting behavior at higher V ∗
0
, as was expeted by the
theory of Radzihovsky et al. By onsidering the urve omposed of umulant intersetion
points belonging to ψG1 (open irles), we nd that the melting urve resembles those
obtained by Strepp [14℄ for p = 1 quite well. The other transition urve from ML to LSm
(losed irles) shows that here the global minimum of the urve is slightly shifted to higher
potential strengths. Also the minimum is loated at onsiderable lower densities. Finally,
it must be emphasized that at V ∗
0
→ 0, the dierent melting urves ollapse into one single
urve, as is expeted for physial reasons.
In onlusion, we have investigated phase transitions in 2D model olloids by Monte Carlo
simulation. In partiular, melting transitions in the presene of a 1D periodi potential were
studied for the ommensurability ratio p = 2. In ontrast to the ase p = 1, an additional
intermediate phase between the LFS and the ML, the LSm, has been onrmed. This is
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qualitatively in good agreement with theoretial preditions and experimental results alike.
Furthermore, by dening appropriate order parameters, we were able to onstrut a phase
diagram for the three phases observed. This is a substantial progress over the experimental
work [23℄, sine in that work only isolated points of the whole parameter spae were aptured.
Finally, we would also like to enourage further experimental work on this exiting sub-
jet, espeially the onstrution of a phase diagram for this ase experimentally. In addition,
explorations of ases with even higher ommensurability ratios, where further phases should
appear, would be of great interest.
We want to thank our former olleague Wolfram Strepp for his preliminary work on the
subjet and for providing us with the neessary details. This work was, in part, supported
by the Deutshe Forshungsgemeinshaft (SFB TR6/C4). Granting of omputer time from
HLRS, NIC, and SSC is gratefully aknowledged.
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